This paper discusses the effect of non-linearities inside a matrix burner on the flame response and control of instabilities inside the matrix burner. In particular, the response of the flame to high inlet velocity modulation level and frequency of the forcing signal are discussed. The importance of the choice of the combustion model used in the numerical simulation of combustion instabilities is highlighted. The effect of non-linearities on the choice of the primary fuel actuator used in active control is discussed. Finally, it is shown that the occurrence of limit cycle behavior inside the combustor of the matrix burner led to hysteresis. The analysis begins with the discussion of the stability map of the matrix burner obtained from measurements.
INTRODUCTION
Gas turbines are designed to run in lean premixed prevaporized mode in order to limit temperatures and reduce NOx emissions. The problem is that running gas turbines near the lean flammability limit makes them exceptionally prone to combustion instabilities. One reason is that if combustion is near the lean blowout limit, small changes in the equivalence ratio due to the perturbation of the flow upstream can lead to periodic extinction. This action in turn leads to a larger fluctuation in the equivalence ratio at the flame, which in turn leads to fluctuation in the heat release rate. Hitherto, gas turbines were mostly operated with diffusion flames, but the high temperatures associated with such flames led to high NOx emissions. Combustion instabilities are not only common in gas turbines, but also in other combustion systems like rocket engines, jet engines and after burners. If not checked it can lead to component failure and in the worst case to a catastrophic breakdown in the operation of such engines. These instabilities to a large extent occur when the acoustic modes of the combustion chamber couple with the combustion dynamics. In most cases, a feedback mechanism exist between the combustion process, the inlet conditions and the acoustic modes of the chamber. This is in part due to the fact that a time lag exist between the time a mixture is injected and the time it actually reaches the flame front and it has been shown that this time lag is one reason why gas turbines experience combustion instabilities [1, 2] . This is especially true when this time is a multiple of the acoustic frequency of the combustor. That is τ · f acu = 1, 2, 3, …, where τ is the time lag and f acu is the acoustic frequency of the combustor. Putnam showed that there will be an amplification in the pressure amplitude if these integers are off by a quarter cycle (0.25) or less [3] . In addition to this time lag, the vortex shedding frequency also effects the heat release frequency. This is because when a vortex is shed, mixing and scalar dissipation rates are significantly increased and therefore the local reaction rates are also increased.
Combustion instabilities are driven mainly by fuel/air equivalence ratio (φ) fluctuation and velocity perturbation [1, 4, 5] . These processes either directly or indirectly affect the pressure and the heat release fluctuations inside the combustor. According to the Rayleigh criterion when the pressure and the heat release are in phase, instability is encouraged and when they are out of phase, the opposite is true [6] . Mathematically, this can be written as: (1) In Eq. (1), R is referred to as the Rayleigh index. This equation is a necessary, but not a sufficient condition for combustion instabilities to occur [7] . In order to realize the resonant effect in combustion systems, the acoustic energy of the system must exceed the dissipative effect in the system. The Rayleigh criterion was therefore modified by Chu, 1965 [8] in order to take this effect into account and can be written as: (2) Another approach, apart from running gas turbines lean that is being adopted to address future restriction in gas turbine emissions is the use of combined-cycle power plants with efficiencies of 60% and higher [9] . This paper discusses the effect of non-linearities on the flame response and control of combustion instabilities inside the matrix burner. In particular, the response of the flame to high inlet velocity modulation level and frequency of the forcing signal are discussed. The importance of the choice of the combustion model used in the numerical simulation of combustion instabilities is highlighted. In the work by [10] , it was shown that this decision can affect the results obtained in the CFD simulation of thermoacoustics. The non-linearities in the matrix burner also affected the choice of the primary fuel actuator that was used as active control device for suppressing the instabilities. In particular, for high equivalence ratios, the non-linear effect led to saturation of the proportional injector, as a result of which it lost its actuation authority. ( , ) . 0 0 τ However, when an "on-off" saturated valve was used, suppression of the instabilities inside the matrix burner was possible, although secondary peaks were visible in the pressure spectrum of the controlled combustor. Similar observation was made and reported in the work by [11, 12] . The occurrence of low and high frequency secondary peaks are attributed to the coupling of the components of the controller with the dynamics of the combustor. Systems exhibiting non-linear limit cycle behavior are prone to bifurcation and hysteresis. Such systems are capable of keeping a memory of themselves and is true for gas turbine burners that exhibit non-liner limit cycle behavior. It is shown that the limit cycle behavior of the matrix burner also gave rise to this effect. Hysteresis has been reported in the work by [13] [14] [15] [16] [17] . Their investigated configurations were different but certain similarities can be found in their results. For example, Lieuwen [13] investigated a premixed swirl stabilized combustor while Matveev et al. [17] investigated an electrically heated grid Rijke tube. In general, however, hysteresis can be mostly attributed to either changes in the air mass flow or to changes in the fuel mass flow. The latter is investigated for the matrix burner in this paper. The approach used in this work is similar to that used in the work by Isella et al. [14] . The burner investigated here is similar to that investigated by Deuker [18] and Krüger [19] . The matrix burner investigated in this work can be used for simulating the conditions prevailing in stationary gas turbines. As an application in industry, it is used for additional firing in combined-cycle power plants [20] .
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In the following the experimental setup is discussed in section 2. This is followed by the discussion of the CFD model setup in section 3. The solver and the boundary conditions are presented in section 3.1 followed by the discussion of the combustion model in section 3.2. The mechanism of the heat release dynamics inside the matrix burner is presented in section 4.1 followed by the discussion of the flame front interaction as source of noise and combustion instabilities in section 4.2. In sections 4.3 and 4.4, the results of the stability map of the matrix burner and the comparison of two combustion models are presented respectively. In section 5, results of the response of the flame to periodic forcing are presented followed by the presentation of the results of the effects of non-linearity on the choice of the fuel actuator in section 6. This is followed by the explanation of the actuator action in section 6.1.
Finally, the results obtained for the effect of equivalence ratio variation on pulsations and temperature and the conclusions are presented in sections 7 and 8 respectively.
EXPERIMENTAL SETUP
The experimental set up of the test rig is shown in Fig. 1 . The test rig was designed to study self-excited thermoacoustic instabilities. Additionally, the rig has been equipped with a fast response injector and a loudspeaker for active combustion instabilities control.
The test rig consists of air and fuel supply systems, an ignition or pilot flame, and a premixing chamber. Once ignition is over, the pilot flame is switched off. The pilot fuel hole is also used in the modulation of the secondary fuel for active control. Upstream propagation of the flame is prevented by a 2D matrix element, which has seven slots, each measuring 2.5 mm × 40 mm in cross-section and 50 mm in height as shown in Fig. 1 . The air inlet pipe is a DN 50 pipe with an inner diameter of 54.5 mm. The test facility is equipped with sensors and instruments for measuring the air and the fuel mass flow rates, pressure, temperature, heat release and emissions.
Air enters the test rig at the air inlet (see Fig. 2 ) and a honey comb is placed downstream to streamline the air flow. The air leaving the honey comb flows through a diffuser that lowers the air velocity and decreases the pressure loss across the burner. Fuel enters the mixing chamber first through the main fuel pipe (of diameter 17 mm) that is connected to nine smaller pipes of diameter 4 mm at right angles to the main fuel inlet pipe. Each of the nine pipes has four inlet fuel holes of diameter 2 mm that leads to the mixing chamber. The fuel inlet is choked, which implies that the mass flow rate across the fuel inlet is almost steady (m · ′ f = 0). Fuel is admitted in an opposite direction to the direction of the air flow. Due to the turbulence caused by this counterflow and the velocity difference between the fuel and the air, mixing is improved. First injecting the fuel upstream also leads to an increase in the residence time of the mixture in the mixing chamber, which then leads to improve mixing of the fuel and the air. But this increase in the residence time makes the matrix burner prone to combustion instabilities [7] . This mode of injection was employed in the early design of gas turbine burners like the Sketch of the matrix burner test rig used in the measurements.
Bristol Siddeley Gyron Junior [21] . Before the mixture enters the 2D slots from the mixing chamber, the test rig is fitted with a silica glass window of length 60 mm. It is also fitted with same glass window at the exit of the burner matrix inside the combustor to allow optical measurements like PIV, LDA and heat release measurements using a photomultiplier (PMT) that is combined with an OH*-Filter. Three PMTs are used for simultaneously measuring the OH*, CH* and C2* radicals that are used as an indicator for the heat release. The primary fuel is modulated by the use of an actuator (a fast response injector) that is discussed in details later in the paper. It is mounted on the main fuel inlet pipe and denoted as "injector" in the sketch in Fig. 1 . The combustion chamber has a cross section of 92 mm × 46 mm and add-ons that makes it possible to use variable combustor lengths of 200 mm, 400 mm, 600 mm, 800 mm and 1000 mm. The outlet of the combustor is connected to a flexible tube of length 6 m that exhausts the combustion products to the atmosphere. A transition piece connects the combustor outlet to the flexible tube. The combustion air is supplied by a screw compressor at constant pressure and the fuel (propane) is taken from gas cylinders. Both flow rates can be adjusted and determined separately. The air and fuel flow rates are measured through a laminar mass flow meter within an accuracy of ±5%. The exhaust gas temperature is measured using a PtRh-Pt thermocouple. The combustion chamber is surrounded with mineral wool to reduce thermal losses because it was not air or water cooled. However, most gas turbine burners that have been reported in the literature are air cooled. Radiation losses were still present through the silica glass window and the chimney. The combustor was Schematic of the matrix burner test rig.
operated at equivalence ratios between 0.69 and 1.6. In order to obtain information on the acoustic instability of the combustor, the pressures inside the combustor and mixing chamber are measured using probe microphones and recorded using dSPACE.
CFD MODEL SETUP
Model abstraction is critical in CFD simulation because of the need of simplification of the analysis, but at the same time making sure that the physics of the problem is captured. In the case of the matrix burner test rig investigated in this work, for example, the details of the fuel inlet was not included in the geometry that was simulated because it is choked. To limit the size of the computational grid, the ducts at the inlet and outlet are not included in the computational mesh. The approach in this case is to determine their impedances and superimposed them on the CFD simulation as discussed in details in [22] . The CFD model simulated for the test rig is shown in figure 3 . The CAD drawing of the test rig was done using Pro/Engineer and the mesh was generated using ICEM CFD. The mesh was unstructured and tetrahedral. For the sake of clarity, the surface mesh,
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Effects of non-linearity on the flame response and control of combustion instabilities in a matrix burner with no volume, cut in to two, is shown in figure 4 . The mesh size is 2.4 million cells.
To avoid creating a very large mesh, various grid resolutions were used. The region with the flame in the combustion chamber and the flame holder had the finest resolution because higher accuracy is needed in this region due of the presence of two time scales (chemical and flow).
Solver and boundary conditions
The Fluent 6.3 pressure based coupled solver was used. For discretizing the governing equations the QUICK scheme was used. Time matching was done implicitly using a second order scheme. For turbulence modeling, the k − ε realizable model was used. This model uses the assumption of eddy viscosity and the resulting turbulent transport equation that is solved is diffusive, which makes it much more easier to handle than other turbulent models like the Reynolds stress models. The CFD simulations are done using four parallel jobs, each using a total of two processors on a Linux cluster at the RWTH Aachen University high performance computing center. The CPU is an AMD Opteron 885 that has a 2.6 GHz (dualcore) processor with a memory of 32 GByte per node. The CFD boundaries used are as follows: the air duct is given a velocity inlet boundary and the combustor outlet is treated as a pressure outlet. The rest of the surfaces are treated as walls with no slip and adiabatic conditions. The fuel inlet is a mass flow inlet. The acoustic boundary conditions implemented in Fluent are time invariant, thus making them less suitable for acoustic applications. Acoustic boundaries must vary with time to account for the movement of acoustic waves. This problem is solved by using UDFs as explained in the work by Bohn et al. [22] and Schuermans et al. [23] . CFD surface mesh of the matrix burner test rig.
Combustion model
The species transport equation or the balance equations for the mass fraction of species i can be written as: (3) where i = 1, 2, 3, … n. The left hand side terms represents the local rate of change and convection. The first term on the right hand side is the diffusion flux denoted by J i and given by J i = −ρD i ∇Y i , where D i is the binary diffusion coefficient or mass diffusivity of species i. The last term is the chemical source term, which is unclosed. It is closed in this work by using two combustion models and the results obtained compared. In one case, the combined finite rate/eddy dissipation model is used [24] . This model determines the Arrhenius rate and the eddy dissipation rate and picks the smaller of the two as the net rate of reaction. The assumption of a one step irreversible reaction is used. It is of the form:
where F is the fuel and O is the oxidizer. In the eddy dissipation model, the rate of the reaction is given by the net rate of production of species i due to reaction r, denoted by ω i,r and given by
and (6) Y P is the mass fraction of any product species P; Y R is the mass fraction of a particular reactant, R; A and B are empirical constants equal to 4.0 and 0.5 respectively.
In the finite rate chemistry model, the Arrhenius rate of reaction for the second order reaction used is given by:
Critical is the determination of the activation energy (E) and the preexponential factor or frequency factor (B) because the values reported in the Fluent solver are for stoichiometric conditions. To determine these values for an equivalence ratio of 0.59
.
that was used in the CFD simulations, kinetic data in the work by [25, 26] are used. The values of B and E determined are 2.03 × 10 8 J/(kmol) and 2.40 × 10 13 m 3 /(kmol s) respectively. The rate exponents for both fuel and oxidizer in the second order reaction used are set to unity. If we assume that the reaction is first order with respect to the fuel, then the rate expression becomes (8) where B′, the frequency factor, is related to B in Eq. (7) by (9) B′ in this case has units of 1/s. Alternatively, B can be computed in cases where the flame speed is known from the expression for the burning velocity. This can be written as: (10) where A is given by:
T b is the adiabatic flame temperature and, Q is the net enthalpy of reaction or heat of combustion. Combining equations (10) and (11) and assuming that E → ∞, implying very large activation energy chemistry, the value of the frequency factor, B can be determined. If combustion is lean, the second term on the RHS of Eq. (11) can be neglected.
In both the eddy breakup model (EDU) and eddy dissipation model (EDM), the chemical reaction rate is governed by the large eddy mixing time scale . Thus, combustion proceeds whenever turbulence is present ( > 0). Ignition is not required to initiate combustion. This is usually acceptable for non-premixed combustion (example, diesel engine) but in premixed flames, the reactant will burn as soon as they enter the computational domain, upstream of the flame stabilizer. To succumb this problem, the finite rate/eddy dissipation model is used. Here, both the Arrhenius and eddy dissipation rates are given. The net rate is therefore given as the minimum of these two rates. In practice, the Arrhenius rate acts as a "kinetic switch", preventing reaction before the flame holder. The EDM and the finite rate/eddy dissipation models have a
limitation. They are not applicable for reactions with multi-step mechanisms. The reason is that multi-step chemical mechanisms are based on Arrhenius rates which differ for each elementary reaction. In the eddy dissipation model, every reaction has the same turbulent mixing rate and so the model is applicable for only one step (Reactant → Product), or two steps (Reactant → Intermediate, Intermediate → Product).
RESULTS AND DISCUSSIONS 4.1. Heat release dynamics in the matrix burner
The dominant process that contributes to heat release perturbation in the matrix burner is due to a thin-wrinkled flame [24] . In this case, the flow is mildly turbulent which leads to a smaller chemical time scale when compared to the turbulent time scale (Da > 1). The flame surface area in this case is characterized by a single value function ξ(t) that represents the instantaneous axial displacement of the flame, which can be written as: (12) and the total heat release rate Q · is proportional to the integral of this surface over an anchoring ring, which can be written as: (13) where S L is the burning velocity, κ (φ) = 2πρ u S L (φ)∆h r (φ), ρ u is the density of the burnt mixture and ∆h r is the heat of reaction. These equations clearly suggests that fluctuation in the flame surface area can lead to heat release fluctuation. Similarly, fluctuations in density, flame speed and heat of reaction can also lead to heat release perturbation (See also Eq. (14)). In the matrix burner, the non-linear coupling is predominantly between the equivalence ratio perturbation and the heat release fluctuation, even though velocity coupling also plays a role. The fluctuation in the equivalence ratio is driven by fluctuation in the air flow rate since the fuel inlet is choked. This observation can be seen in the stability map that is obtained from measurements and discussed in details in section 4.3. Sensitivity analysis carried out by Deuker supports this observation [18] . Another mechanism that is driving combustion noise and instability inside the matrix burner is that due to vortex shedding that leads to the mutual interaction of the flames. This action generates combustion noise and instabilities as discussed in section 4.2 below. In thermoacoustics, the flame acts as an active monopole source of sound, which drives instabilities in the system under resonant conditions. In this case, a resonant feedback inside the chamber results from a coupling between the system eigenmodes and unsteady combustion. The mutual interaction of the flames in the matrix burner also act as an autonomous source of sound, which leads to the generation of noise, which is a random process, unlike acoustics, which is a deterministic process.
In the simple laminar case, it can also be shown that the heat release fluctuation is related to the flame surface area [1, 27] . This can be written as: (14) where the integral is performed over the surface of the flame A FL . If ∆h, ρ and S L are assumed constant, we get Q · (t) = ρS L ∆hA FL , suggesting that fluctuation in the flame surface area can lead to heat release fluctuations. In the turbulent case, the concept of flame surface density is used and the volumetric heat release rate can be written as q · = ρS T ∆hΘ, where Θ is the flame surface area per unit volume and S T is the turbulent flame speed, which depends on local conditions of the flow and mixture properties. A transport equation for the flame surface density can be written as: (15) where ψ is the flame stretch parameter and η is a constant associated with the various processes that limit the flame stretch.
Flame front interaction as source of noise and combustion instabilities
One of the key mechanisms driving instabilities inside the matrix burner is the flamevortex interaction, which drives the mutual interaction between the flame fronts. This mechanism observed inside the matrix burner has also been reported as potential source of combustion instabilities in confined V-flames and in unconfined V-flames burners [28, 29] . In the matrix burner, the left recirculation zone is bigger than the right recirculation due to the presence of the pilot flame hole of diameter 17 mm on this side. This pilot fuel hole is used for igniting the mixture and therefore acts as a minicombustor. PIV and LDA measurements and CFD results showed that this is in deed the case as reported in [22] . Recirculation zones are also visible between the individual slots. When fresh reactant mixtures are entrained by the vortex in hot gases, the sudden burning of this pocket releases a pressure pulse after a certain delay, which may drive self-sustained combustion oscillations. In fact, this mechanism of fuel entrainment at the flame that is driven in part by the large recirculation zones that creates large vortices is partly the reason why active control of the matrix burner by primary fuel modulation is possible. Without the entrainment of fuel at the flame front, during the off state of the primary fuel actuator, the flame could experience lean blow-out. However, this is not the case. Snap shots of the flame taken shows this mutual interaction between the various flame fronts as depicted in figure 5 . During the interaction, the flame surface area fluctuates and from Eq. (14) , this fluctuation in flame surface area leads to fluctuation in the heat release dynamics. In the stable flame, this interaction is not visible in the snap shots. The other observation that is made is the change in the length of the flame with instability. In general, during the onset of instability, an initial transient occurs during
transition from stability to instability and during this period the length of the flame is longer when compared to the stable flame. After this transition and when instability is fully developed, the unstable flame length is shorter and the flame surface diminishes when compared to the stable flame. To explain this phenomena, we refer to Eq. (15), which stipulates that the flame surface density increases when the flame is stretched (ψ > 0) by turbulent flow, but this action is limited by various processes (η > 0). If a unit volume of reactant mixture is considered, Eq. (15) states that physical processes limiting the flame surface area locally produce sources of sound which are more intense than those associated with increasing the flame surface area. The rate of change of the local flame surface area (and therefore q · ) varies as the square of the flame surface area when this surface is being destroyed, while at the same time this rate of flame surface area only increases linearly when the flame area is being produced. It can thus be stated that the physical processes leading to flame surface reduction are mainly responsible for combustion noise production. This is a possible explanation for why the flame area is smaller and the flame length is shorter during strong instabilities in the matrix burner. This mutual interaction of flames is present in real gas turbines, especially those with annular combustors, but their interaction is often neglected in modeling due to the fact that only single burners with single flames are investigated. However, the noise generated by this mutual interaction, as observed in the matrix burner is significant and therefore should not be neglected. Similar findings were reported on the effect of using the transfer functions or matrices obtained using a single burner to represent multiburners in an annular combustion chamber by Fanaca et al. [30] . The aerodynamics of both flow fields were observed to be significantly different, which affected the convective time delay of the reactants and the flame shapes obtained in the single burner and the multiburner configurations.
The flame-wall interaction in the matrix burner led to more distortion of the flame near the walls of the combustion chamber and this action has also been shown to amplify the acoustic radiation [28] .
Stability map of the matrix burner
The stability map obtained from measurements for the matrix burner is shown in Fig. 6 . It has been previously reported in the work of Deuker [18] and Bohn and Deuker [31] . In this case, the test rig was run at fuel/air equivalence ratios in the range φ ∈ [0.4, 1.54]. For the range 0.4 ≤ φ < 0.44, the matrix burner experienced transition. For values of the equivalence ratio in the range 0.44 < φ < 0.67, the matrix burner was mostly quiet, but there were instances where it showed some transition behavior. For the range of φ values between 0.67 and 1.25 (i.e, φ ∈ (0.67, 1.25]), the matrix burner was unstable and experienced strong oscillations. Finally, for φ > 1.25, the burner was mostly stable, although it showed transition behavior at φ = 1.33 and became unstable again at φ = 1.43.
One major finding from the stability map is that to move from stable to unstable behavior or vice versa, the fuel mass flow rate is kept constant while the air mass flow rate is changed. When the opposite is done (i.e, keeping air mass flow fixed and changing the fuel mass flow rate), this behavior is not realized from the stability map. This is one proof that the coupling of the acoustic of the combustion chamber with the inlet conditions is from the air-side, mostly referred to as air-side coupling in the literature.
Comparison of combustion models
Self exciting simulations are performed using the finite rate chemistry model and the combined finite rate chemistry/eddy dissipation model. The air inlet velocity is 40 m/s and the equivalence ratio is 0.59. The length of the combustion chamber is 400 mm. The temporal variation of the pressure in the plane x = 140 mm are plotted in Figs. 7(a) and 7(b) respectively. The time series data shows linear growth, exponential growth followed by the limit cycle, which could be an indication of saturation and nonlinearity in the matrix burner. In such cases, there are conditions for the existence and stability of nonlinear periodic motion, which is otherwise referred to as super-critical bifurcation. Significant, however, is the fact that the pressure predicted by the finite rate chemistry model is higher than that predicted by the combined model. Although the combined model computes both the Arrhenius rate and the eddy dissipation rate, the net rate of the reaction is the smaller of the two and this is mostly taken as the eddy dissipation rate after ignition. Before ignition, however, the rate of reaction is the Arrhenius rate. The temperature sensitivity of the Arrhenius or finite chemistry rate makes it to shoot up after ignition. Two disadvantages of the eddy dissipation model are that it is numerically dissipative and it does not account for chemistry. For this reason, for example, it is unable to capture the variation of the flame speed with equivalence ratio, something the finite rate chemistry model can do.
The flames of the two models after a computational time of 0.2093 s are shown in Fig. 8 . The difference in flame length and shape are clearly visible. In the case of the finite rate chemistry model, the temperature is higher and the length of the flame is shorter than it is for the combined model. This short flame length could be an indication of stronger instability as already discussed in section 4.2. The length of the 256 Even though the unstable frequency predicted by both models were close (563 Hz for the combined model and 621 Hz for the finite rate chemistry model), the difference in amplitudes are significant (6.44 × 10 5 Pa for the combined model and 2.59 × 10 7 Pa for the finite rate chemistry model). Validation of the combined model with experimental data that was done and reported in [22] showed that it accurately predicted the self-exciting frequency of the combustor but it underestimated the pressure amplitude. The more accurate model is therefore the finite rate chemistry model (see Fig. 8(a) ) because it is able to account for chemistry and numerically less dissipative and thus able to predict more accurately the pressure amplitude. The approach is however to begin the steady simulations using the combined model and switch to finite rate chemistry model during the unsteady simulations because the stiff nature of the differential equations solve in the finite rate chemistry model makes running steady simulations a difficult task. 
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RESPONSE OF FLAME TO PERIODIC FORCING
In this section, the response of the flame to periodic forcing is presented. It is considered for single frequency forcing at the velocity inlet and investigated for both changes in the frequency at constant inlet velocity modulation level and changes in the inlet velocity modulation level at constant frequency. The forcing is implemented in a UDF that is hooked at the air inlet. The UDF is of the form u = u -+ u 0 sin(ωt), where ω = 2π f is the angular frequency in rad/s, u 0 is the inlet velocity modulation level and u -= 40 m/s is the mean velocity at the air inlet. Unsteady simulations are performed at forcing frequencies of 81 Hz, 243 Hz, 405 Hz, and 567 Hz while the inlet velocity modulation level was kept fixed at 4 m/ s. Time series data is written for 3000 time steps. The spectrum of the pressure at these frequencies in addition to that of the case without forcing are shown in Fig. 9 . In this case, the pressure amplitude is given by 20log10(abs(H)), where H is obtained by taking the FFT of the pressure time series. The forcing did not lead to a shifting of the dominant unstable frequency at 560 Hz but other significant multiple peaks are produced at other frequencies.
The flame response or changes in the flame due to the forcing can be seen from the temperature plot shown in Fig. 10 for forcing frequencies of 81 Hz, 243 Hz, 405 Hz and 567 Hz after a simulation time of 0.15 s. The flames show some slight changes but not much except for the 567 Hz case, whose forcing frequency is close to the dominant frequency of the system. Some of the flames (two flames near the combustor walls) in this case are shorter than their counterparts at other forcing frequencies, which could be an indication of increase instability at this forcing frequency. The plot of the pressure spectrum shown in Fig. 9 suggests that this is in deed the case. The amplitude at the 567 Hz forcing frequency is the highest in this plot. To test for nonlinearities the CFD simulations are repeated for a constant forcing frequency of 243 Hz but with different values of the inlet velocity modulation level such that u 0 / u -= 15%, u 0 / u -= 20%, u 0 / u -= 25% and u 0 / u -= 30%. A system is defined as linear or non-linear in terms of the system excitation and response. As a rule, a linear system must satisfy the properties of superposition and homogeneity. Two fundamental nonlinear problems arise in combustion instabilities. These include: nonlinear behavior following a linear instability otherwise referred to as supercritical bifurcation and nonlinear behavior following a subcritical bifurcation, including the possibilities of pulsed nonlinear instabilities. One way to test for nonlinearities is by Fig. 11 together with the spectrum for the case when no forcing is applied. In the cases considered, the effect of changing the inlet velocity modulation level is pronounced because for the u 0 / u -= 15% case, a single frequency forcing results in multiple frequency responses with almost equal amplitude levels at 560 Hz, 487 Hz and 240 Hz. For the rest of the cases, there is a complete shift in the unstable frequency from 560 Hz to 487 Hz and 240 Hz. Clearly, the system is not obeying the principle of superposition and therefore, it is nonlinear. This is in agreement with the fact that velocity coupling is intrinsically nonlinear. This is because combustion is sensitive to magnitude and not the direction of the velocity. The temperature corresponding to the various inlet velocity modulation levels used in the forcing are shown in Fig. 12 . The complete frequency shift and the triggering that occurs in this case as the inlet velocity modulation level is increased is an indication of an increase in the response and instability of the flame due to the forcing. One proof of this observation is that the amplitudes of the spectrum in Fig. 11 at frequencies other than those close to the 567 Hz are higher than those in Fig. 9 . The change in the flame is also more dramatic than in the case for changing frequencies at the same inlet velocity modulation level. As the inlet velocity modulation level is increased, so is the pressure amplitude inside the combustor, while the length of the flame is decreasing indicating that the instability in the system is increasing. 
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EFFECT OF NON-LINEARITY ON THE CHOICE OF THE FUEL ACTUATOR
One of the key questions in the control of combustion instabilities using fuel forcing is the choice of the actuator. In general, a proportional or an "on-off" valve can be used.
To suppress the instabilities inside the matrix burner, a proportional injector was first investigated. This injector, however, was unable to suppress the instabilities due to the loss of its actuation authority. This could be attributed to the saturation or non-linear behavior of the matrix burner. A similar observation was reported by [11, 12] in which a proportional valve was successfully used to suppress the instabilities when the gas turbine test rig was operated in the linear regime at low equivalence ratios. However, when the rig was operated in the non-linear regime at higher equivalence ratios, the proportional valve did not affect the instabilities in the system, but an "on-off" valve was able to suppress the instabilities. In the matrix burner that was investigated in this work, an "on-off" injector by Bosch GmbH that works in the saturated mode was used for suppressing the instabilities in the matrix burner. The bandwidth of the injector is 300 Hz. The NGI2-CP injector used in this work was operated at 14 Volts to ensure that the actuation action of the injector was very fast in order to prevent depletion of the fuel at the flame front as a result of the modulation of the primary fuel. This type of injector is used for automotive applications. In this work, it is shown that such injectors can also be used for active control in gas turbines. The injector was installed behind a mass flow controller working with a time constant of 300 ms. The controller ensured that the mean fuel mass flow was constant within a given time frame by adjusting the injector admission pressure (see Fig. 15 ). The case considered was for an air mass flow rate of 6 g/s and an equivalence ratio of 0.86.
Explanation of the actuator action
In the following, the actuator action of the injector is explained. The results shown in this work were obtained by modulating the primary fuel as shown in the sketch in Fig. 13 . The pilot fuel which injects fuel within the flame was also modulated in addition to the modulation of a secondary fuel stream that positioned the fuel lance 55 mm upstream (between the primary fuel inlet and the matrix) of the combustor inlet. However, in the latter two cases, the suppression of the instabilities was not good as reported in Bohn et al. [32] . The actuation action of the primary fuel forcing can be explained using the sketch in Fig. 14, if it is assumed that the injector was operated for 262
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Pilot fuel injector
Ignition spark
Actuator Matrix
Primary fuel injector Figure 13 : Sketch of the actuator used in modulating the primary fuel.
two cycles with a cycle defined as the reciprocal of the injector forcing frequency (T = 1/f). In one period, the injector is switched on for half the period and closed for the other half. When the injector is switched on, a pressure overshoot (see Fig. 15 ) in the injector leads to the doubling of the fuel mass flow rate and when the injector is closed, the mass flow rate is zero. On average, the mass flow rate is the same as in the case when the fuel was not forced. The mass flow meter was therefore reporting the average fuel mass flow rate. The distance of the primary fuel inlet from the flame front also introduced a time delay between when the fuel is injected and when it reaches the flame front. However, during the off state of the injector, the flame did not experienced leanblowout possibly due to the entrainment of fuel at the fuel front. This is true because the strong recirculation zone induced by the backward facing step at the combustor inlet, which leads to vortex shedding and intense mixing at the flame is able to entrain pocket of fuel at the flame. The fast actuation action of the injector also ensured that off state of the injector was short. The pressure overshoot, which leads to the doubling of the fuel mass flow rate when the injector was in the on state is shown in Fig. 15 . The average fuel mass flow rate in this case was 0.441 g/s.
The plot in Fig. 16 shows the time series signal recorded by the microphone for cases where the primary fuel injector was pulsed at various frequencies. Also shown in the plot are the injector frequencies, the dominant microphone frequencies and the dominant OH* signal frequencies. In some cases, secondary peaks were observed but only the dominant peaks are reported here. The injector frequencies were increased at a rate of 1 Hz/s beginning from 100 Hz. At the start, when the fuel was not modulated, the system oscillated at a frequency of 190 Hz with peak to peak pressure of 560 Pa. Modulating the fuel mass between (130-170) Hz shown in the figure as "line 1" almost completely suppressed the self-exciting oscillations. Similarly, primary fuel modulation in the frequencies range (265-300) Hz shown as "line 3" in the figure completely attenuated the instability. The microphone pressure dropped from 550 Pa to about 60 Pa. The observation through the quartz glass window showed that the flames tip went from turbulent to almost perfect "V-shaped" flames. For injector forcing frequencies above 265 Hz, secondary peaks at lower frequencies were visible in addition to secondary peaks at the forcing frequencies. In most cases, the amplitude at the lower frequencies were higher than those at the injector forcing frequencies. The frequency ranges (100-130) Hz and (170-265) Hz, shown as "line 2" in the figure were not able to suppress the instabilities inside the combustor. It seems that they were too Fig. 16 . In the signal with OLC on, a small peak is visible at the fundamental mode but a secondary dominant peak is present at the injector forcing frequency. The first harmonic of the controller signal is at 300 Hz and a peak can also be seen at this frequency. Similar observation of secondary peaks have been reported by [33] [34] [35] [36] . This observation can be explained as follows: The controller that is applied is designed using analog circuitry and so its components provide the functionalities of a phase shifter, a filter, and an amplifier. Because they tend to provide a phase compensation over a wide range of frequencies and not just the isolated or unstable frequency, they can initiate resonance by coupling with the various mechanisms present in the combustor. Low frequency secondary peaks are typically due to coupling between the flame dynamics and the filter components in the controller while high frequency peaks are due to either the interaction between various components of the active controller themselves, or the interaction between the controller components and antiresonance [5, 34] . During antiresonance, we have a pressure antinode, which is a result of both the pressure and heat release inside the combustion chamber being in phase. When this frequency is identical with the forcing frequency, a secondary peak is generated at the forcing frequency. The dominant mode in the case reported in Fig. 17 (a) was reduced by 31 dB and all other harmonics were completely attenuated. The plot in Fig. 17(b) is similar to the plot in Fig. 17(a) , but with the controller frequency set to 300 Hz. A smaller secondary peak resulted at the controller frequency and a larger reduction of 40 dB in the instability amplitude was realized in this case. This was the best result observed at this operating point. It can be said that the pressure and the heat release were successfully decoupled or phase shifted due to the controller input and in agreement with the Rayleigh criterion. It was observed that at the same operating point, high controller frequency resulted in a higher reduction in the pressure amplitude as can seen from these figures. Similar observation were obtained by using three photomultipliers to monitor the OH*, CH* and C2* radicals. The case shown here in Fig. 18 corresponds to the same operating point shown in Fig. 17(a) . Clearly, it can be seen that the peak in heat release is at the unstable frequency where the pressure amplitude in the system is maximum. The normalization is done by using the maximum OH* amplitude. A summary of the cases that were run with the reduction in pressure as a result of modulating the primary fuel flow is shown in Tab. 1. Changing the fuel mass flow and the air mass flow and thereby changing the power output resulted in various levels of oscillations inside the matrix burner. Cases shown in the table are for lean, stoichiometric and slightly rich mixtures. Modulating the fuel mass flow at nonresonant frequencies led to a significant reduction in the pressure levels inside the combustor. At almost every operation point a forcing frequency could be found that completely suppressed the oscillations.
EFFECT OF EQUIVALENCE RATIO VARIATION ON PULSATIONS AND TEMPERATURE
The effect of variation of the equivalence ratio (φ) on pulsations levels in the matrix burner was investigated for two cases. In one case, the average air mass flow rate was keep fixed at 6 g/s and in the other, the average mass flow rate was kept constant at 8 g/s. In the two cases considered the fuel mass flow rate was varied by increasing it at a rate of 0.02 g/s. It was observed that when the mean φ was increased gradually, the system moved from stable to unstable and when the mean φ was decreased gradually, it went from unstable to stable at the same mean value of φ close to 1.3 for the 6 g/s air mass flow case. This observation was seen in the 8 g/s case but it was not pronounced. One reason for this sudden bifurcation of the system is hysteresis. For each equivalence ratio considered, the temperature and pressure were monitored. The stability map based on the root mean square pressure, defined here as is shown in Fig. 19 . The p rms values obtained are higher for the higher air mass flow rate case indicating the instability in this case was higher. This is because for the higher air mass flow rate, the thermal energy in the system is higher. The shape of the temperature curve is as expected, even though it did not peaked at exactly a mean φ value of 1.0 due to possible measurement errors.
To investigate whether hysteresis was present in the 6 g/s case, the measurements were repeated. In order to monitor this behavior closely and catch the transition from stable to unstable behavior and vice versa, the pulsations levels were kept lower for the runs considered by increasing the damping in the system. The hysteresis loop obtained beginning from an equivalence ratio of 0.69 is shown in Fig. 20 added to the plot to show the evolution of the system. It can be observed that operating the burner in the equivalence ratio range 0.88 < φ < 1.05 presents two possible states. The upper branch represents the unstable state (or the stable limit cycle characterized by large oscillation amplitude) and the lower branch represents stable combustion. The transition from stable to unstable and vice versa or which branch you are on depends principally on the history of the system [14] .
CONCLUSIONS
This paper presents the effects of non-linearity on the flame response and control of combustion instabilities in a matrix burner. The analysis in this work begins with the discussion of the heat release dynamics inside the matrix burner. It is shown that the fluctuation in the flame surface area predominantly drives the heat release oscillation inside the matrix burner. The above is followed by the analysis of the effect of multiple flame front interaction inside the matrix burner on noise and combustion instabilities. It is shown that this effect plays a crucial role in driving instabilities inside the matrix burner and therefore should not be neglected in modeling real gas turbines with annular type combustors. What follows is the discussion of the stability map of the matrix burner. The various regions, namely, stable, unstable and the transition regimes are discussed. It is shown that the coupling of the acoustics of the combustor with the inlet is from the air-side, the fuel inlet being choked. After this, two combustion models, namely, the combined finite rate/eddy dissipation model and the finite rate chemistry model are compared in order to highlight the importance of the combustion model in the numerical simulation of combustion instabilities. The latter model is chosen over the former as the appropriate model because it is less dissipative numerically and accounts well for chemistry. For these reasons it is better at predicting both the oscillation frequency and the amplitude of oscillation associated with instabilities in the matrix burner. The effect of instabilities on the length of the flame is also discussed. In general, it is shown that the flame length decreases with the intensity of the instability inside the matrix burner. However, during the onset of instabilities an initial transient occurs during which the flame first increases with instability after which is decreases monotonically with increase in instability. The response of the flame to periodic forcing is investigated. Here, the effect of frequency change and inlet velocity modulation level are investigated. In the former, no significant shift in the behavior of the flame was observed whereas in the latter, frequency shifting and triggering, which is an indication of non-linearity were observed. The instabilities were therefore said to be driven by velocity coupling, which is inherently non-linear. The effect of non-linearity or saturation on the choice of the fuel actuator used in the control of combustion instabilities inside the matrix burner is discussed. This is followed by the detailed discussion of the actuator action. It is shown that an "on-off" injector did a better job at attenuating the instabilities inside the burner when compared to a proportional actuator.
The reason was likely due to non-linearities or saturation of the proportional injector, which led to it loosing its actuation authority. The paper is concluded by discussing the effect of the variation of the equivalence ratio on pulsation and temperature inside the matrix burner. Two air mass flows are considered and shown that at the same equivalence ratio, the pulsations level are higher for higher air mass flow case due to the higher thermal energy in it. It is also shown that the presence of non-linearity led to possible hysteresis in the system with the presence of two states, namely, stable and unstable. The state of the system depended on the history of the system. The upper branch, which was associated with high oscillation amplitude was unstable and the lower branch associated with low oscillation amplitude was stable.
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